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ABSTRACT 

As open N=2 or 4 strings describe self-dual N=4 super Yang-Mills in 2+2 
dimensions, the corresponding closed (heterotic) strings describe self-dual un- 
gauged (gauged) N=8 supergravity. These theories are conveniently formu- 
lated in a chiral superspace with general supercoordinate and local OSp(8|2) 
gauge invariances. The super-light-cone and covariant-component actions are 
analyzed. Because only half the Lorentz group is gauged, the gravity field 
equation is just the vanishing of the torsion. 
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1. Results 



N=2 strings [1] have been proposed as theories of self-dual Yang- Mills and gravity 
[2-4]. In a previous paper [5] we showed how the open string [4] actually describes 
self-dual super Yang-Mills, with all the helicities from -|-1 to —1. The amplitudes of 
this field theory in an appropriate gauge are identical to those found in the string 
theory, but Lorentz invariance shows that the external states have helicities other 
than just the +1 of nonsupersymmetric self-dual gluons. Previously the states of 
other hehcities had been neglected because spectral flow indicated the equivalence of 
states with different boundary conditions [6]. This is obviously not the case if some 
of the states are fermions. The fermionic contributions to all loop corrections cancel 
those of the bosons because of the trivial nature of the supersymmetry generated by 
spectral flow [5]. (This avoids some apparent problems from infrared divergences [7] 
when the fermions are neglected.) This residual symmetry of the N=2 string U(l) 
constraint is analogous to the residual global U(l) symmetry which exists in QED 
in spite of the local U(l) constraint (the quantum version of Coulomb's law) which 
appears in quantization in the temporal gauge (the analog of the string's conformal 
gauge) . The fact that some of the states are fermions is obscured in the N=2 formahsm 
for this string because the SO(2,2) Lorentz symmetry is not manifest. (In fact, it was 
not reahzed until ref. [2] that the theory contained Yang-Mills and gravity and not 
just scalars.) However, in the equivalent (world-sheet) N=4 formulation, where this 
Lorentz symmetry is manifest, there are clearly spinors [8]. In [5] we attacked this 
problem from the field theory approach to avoid the complications of quantization of 
the N=4 string. In this paper we continue this approach for the closed [2] and heterotic 
[3] strings, which describe self-dual ungauged and gauged N—8 supergravity. 

From the field theory point of view, the appearance of states other than gluons 
and/or gravitons follows from the requirement of a Lorentz covariant action. The 
self-duality conditions are then enforced by Lagrange multipliers. The existence of 
these Lagrange multipliers is implied by supersymmetry: They are in the same su- 
persymmetric multiplet as Yang-Mills/gravity, but only when the supersymmetry is 
maximal (N=4 for super Yang-Mills, N=8 for supergravity), since Lorentz invariance 
requires the multiplier have helicity equal in magnitude but opposite in sign to the 
physical self-dual Yang-Mills/gravity polarization. (This is also why for SO (2,2) all 
helicities, except sometimes helicity zero, come with indefinite Hilbert space metric: 
Opposite helicities arc not complex conjugates, but arc both real.) This is particularly 
clear in the light-cone formalism, where only propagating degrees of freedom appear. 
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and the field content follows directly from the unique free action J d^x d^9 \VnV. 
The fact that all states are in the same supersymmetric multiplet is the statement 
that all states (boundary conditions) of the string are related by spectral fiow. The 
minimal off-shell field content, and the Lorentz and gauge covariant form of the in- 
teractions, is determined from the commutation relations of the covariant derivatives, 
which can also be solved explicitly in the hght-cone gauge. The light-cone form of the 
interaction vertices for open and closed strings is independent of the helicities of the 
states, another consequence of spectral fiow, which is seen here to follow from just 
supersymmetry and self-duality. 

Thus, Lorentz covariance, supersymmetry, and self-duality uniquely determine 
the open string to be self-dual N=4 super Yang-Mills and the closed string to be self- 
dual N=8 supergravity. The different values of N prevent the closed and open strings 
from coupling, but this is also implied from the vanishing of the usual 1-loop string 
diagrams which generate closed strings from open ones. (This differs from the result 
of [4] , where open and closed strings are coupled, since in the absence of fermions 1- 
loop diagrams survive, as well as infrared divergences.) However, the heterotic string 
is more complicated, since even when spectral fiow is taken into account there are 
still distinct gluons and gravitons both in the theory, as well as the two corresponding 
independent coupling constants. (Although the heterotic string apparently requires 
compactification to 2 or 3 dimensions [3] , here we consider only the 2-|-2-dimensional 
theory that gives that theory upon dimensional reduction.) The solution also follows 
from supersymmetry: Gauged N=8 supergravity has two couplings, including one for 
the nonabelian gauge vectors. (The N=8 supersymmetry is again required by the ap- 
pearance of the graviton.) This result is again unique, up to the choice of gauge group 
for the 28 vectors (S0(n,8-n) or one of its contractions). This is smaller than the num- 
ber of vectors expected from the string analysis [3], but there may be some analog of 
GSO projection at work: In particular, this is the spectrum expected for the N=(2,l) 
heterotic string for such a projection, since the direct product of N=4 Yang-Mills 
(from the N=2 open string) with N=4 Yang-Mills (from the dimensional reduction of 
the D=10 N=l open string) is N=8 supergravity. Self-dual extended (N>3) gauged 
super gravities avoid some of the awkward features of the corresponding non-self-dual 
theories, in particlular the nonlinear scalar potential and the cosmological constant. 

The amplitudes that follow from our supersymmetric, manifestly Lorentz invari- 
ant actions for (uncoupled) open and closed strings, when written in the string gauge, 
are the same as those obtained from string calculations [2,4]. (The string gauge for 
those actions [9] is closely related to the light-cone gauge [10].) Those for the heterotic 
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string are the same at least when restricted to Yang-Mills interactions. (We have not 
compared the heterotic gravitational couphngs because those of ref. [3] have been 
given in a different gauge from all the other amplitudes.) Although the vanishing of 
loop corrections in the open and closed strings follows directly from the absence of 
fermionic derivatives in the action, the heterotic case is again more subtle: Fermionic 
derivatives appear, but few enough so that loops with fewer than four legs vanish 
automatically. The rest (four external legs or more) may then vanish for kinematic 
reasons, as for tree graphs [11,2-4]. 

2. The self-dual light-cone 

We first consider general properties of the light-cone gauge for self-dual theories, 
which is simpler then the string gauge. Later we'll analyze the covariant action, from 
which both the light-cone and string gauges can be chosen. 

The hght-cone formahsm for self-dual theories is simpler than the usual light-cone 
formalism because more of the Lorentz symmetry is manifest: The coordinates 
are a representation of SO(2,2)=SL(2)(8)SL(2)', where only SL(2)' is broken, down to 
GL(1). Then is treated as "time" coordinates and as "space" coordinates, 
although both are light-hke (as x" and x+ in the usual hght cone). The kinetic 
operator □ = id°'-.'da+' is linear in time derivatives. The interaction terms must 
contain only space derivatives 8^+' and no time derivatives d^-'- The manifest GL(2) 
invariance forbids the 1/9++/ 's of the usual light-cone formahsm, so the action is 
local. For the theories considered here, we find only cubic interaction terms, as for 
the almost identical (but noncovariant) actions proposed earlier for self-dual Yang- 
Mills and gravity [10]. 

Gauge fixing is similar to the usual light cone, but taken a step further: By 
choosing a light-cone gauge, eliminating auxiliary degrees of freedom, and imposing 
self-duality, all field strengths F and gauge fields A can be expressed in terms of 
"prepotentials" V with just a single component, corresponding to the single helicity 
it represents: 

Fai...a2s — ~^^ai+'---9a[^|+'^a[s+i]-a2s-'--' — 5ai+'---^a2s+'^-'--' 

(Its eigenvalue of the GL(1) generator, represented by the number of — ' indices, is 
just twice the helicity s. "[s]" here means the greatest integer in s.) Such prepoten- 
tials are known from supcrsymmctric theories, where light-cone gauges induce similar 
relations. This expression is also correct for the interacting case, since we use only 
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space derivatives, and the gauge fields contain only time components in this gauge. 
There are also Lagrange multiplier field strengths q,' ^ (unrelated to Fq^ . ^js, 
with different gauge fields), describing negative helicity: In the fight cone these ap- 
pear only as F+/...+/, since the other components do not generate equations of motion 
whose solution requires inverting time derivatives (i.e. they are auxiliary fields). 

We'll show below that such relations generalize in a trivial way to supersymmetric 
self-dual theories, by generalizing the SL(2) index a to an SL(N|2) index A = (a, a) 
on both the fields and the coordinates, thus introducing anticommuting coordinates: 

Fai...A2s = -idAi+'--dA2,+'V->,„-> 

where s is now the maximum helicity of the supersymmetric multiplet. (Lagrange 
multipfier field strengths come from hitting it with more 9a+''s.) The free field equa- 
tion nV — for the prepotential also generalizes: 

dA^'dBa'V.^...-, = 

There is a similar generafization for the free action. Breaking the SL(N|2) covariance 
by solving this field equation for all dependence, V is reduced to a superfield 
that depends on just x""^' and ^"+': 

So^ J d^x d^e \VUV 

By dimensional analysis, — 4-|-|A^-|-2(l — s)-|-2 = =^ = 4s, which implies maximal 
supersymmetry. We also have the same result from GL(1): — A^-|-2(2s) =0. Thus, the 
condition that all fields are in the same supersymmetric multiplet requires maximal 
supersymmetry. (In particular, the similar N=0 actions proposed for non-super self- 
dual Yang-Mills in the light-cone gauge and the string gauge are not only Lorentz 
non-covariant but are not even consistent with respect to dimensional analysis.) 

3. Self-dual superspace 

Self-dual super Yang- Mills is described by the commutation relations of the gauge- 
covariant superspace derivatives: 

{v\, v"^} = 0, {v"a, Vkp'} = sy^p,, [v«a, Vpp,] = 

{Vaa', = Ci3'a"Pab, aa' /3f3'] = C/S'a'XaP, aa' (3/3'] = Cpia'Fap 
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The commutation relations give the field equations as well as the supersymmetry 
transformations. The latter set of commutators can be written more succinctly as 

in terms of the indices A, B of SL(N|2), which is a global symmetry of the commuta- 
tion relations. 

The generalization of the former set of commutation relations for gauged self-dual 
supergravity is 

where M"^ are the gauge generators of the gauge group SO(N) of the vectors, or 
more generally SO(n,N-n) or their contractions. Contraction to U(l)^*^^~^)/^ gives 
ungauged supergravity. Both M"^ and the corresponding group metric 77"^ have di- 
mensions of mass: This metric has eigenvalues 0, ±m, where m = g/n is the ratio 
of gauge and gravitational couplings. (The inverse metric riab never appears in the 
self-dual theory, and doesn't even exist for the group contractions.) Ma/s is the self- 
dual half of the local Lorentz generators. These constraints (and those below) follow 
uniquely from the self-dual restriction of the non-self-dual theory, except that the re- 
ality condition on the scalars for N=8 is changed: Instead of restricting the "self-dual" 
scalars to be the complex conugate of the "anti-self-dual" scalars, the anti-self-dual 
scalars are set to vanish [5]. (For background on the non-self-dual case, see [12] for 
the ungauged theories, [13] for the gauged N=4 theory, and [14] for the gauged N=8 
theory in the equivalent component formalism. Since non-self-dual N—8 supergravity 
is much more complicated than the self-dual case, even in superspace, we do not re- 
produce it here. Self-duality for supergravity for N<4, where there are no scalars, was 
first discussed in [15]; Wick rotation of those theories to 2-1-2 dimensions is trivial.) 

From these commutation relations we can recognize that (1) M"^, M"^, and V"" 
are the generators M"^^ of the algebra 0Sp(N|2) (or a contraction, etc.), with metric 
rj^^ = (77"*, C"^), and (2) Vao' is in the defining representation. (In the Yang-Mills 
case, is half of the fermionic generators of the manifest global SL(N|2) symmetry, 
a subgroup of the non-manifest (S)SL(N|4) superconformal symmetry, which is here 
broken to the 0Sp(N|2) subgroup.) We therefore choose to interpret V"" as a local 
symmetry generator rather than as a covariant coordinate derivative. Our superspace 
coordinates arc then just x^^^' = [x^^^' ,9"''^'). Furthermore, since all field strengths of 
the local SL(2)' and SL(N) generators vanish anyway, we can drop those generators 
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from the local symmetry group, which is now just 0Sp(N|2) (plus general coordinate 
transformations in (N|2)+(N|2) dimensions). The covariant derivatives thus take the 
form 

(As usual, there are extra implicit sign factors from reordering of fermionic in- 
dices.) Our conventions for 0Sp(N|2) are that on the fundamental representation 
[M^^, V^} = y[^r^'^)<^; we then have the useful identities 

These determine the other representations and the commutation relations of the gen- 
erators themselves. The grading is defined by treating a and a' as bosonic indices, 
and a as fermionic; 7] is graded antisymmetric in its indices, while M is graded sym- 
metric. In analogy to the Yang-Mills case, the commutation relations of the covariant 
derivatives are 

where Fabcd is totally graded symmetric, and at ^ = gives the nonnegative-helicity 
field strengths. (There is no analog to the terms in {V"", V^^}, so the superspace 
is in some sense "half DeSitter.") Yang- Mills can be treated in the same superspace, 
with V Aa' — dAa' + ^Ao! ■ (Yaug-MiUs is superconformal, so how SL(N|2) is broken 
for that theory doesn't matter.) The solution to these relations can now be treated 
in exactly the same way as the nonsupersymmetric case, simply by generalizing the 
indices from SL(2)®SL(2)' to OSP(N|2)®SL(2)' (local®global) . 

The field equations, supersymmetry transformations, and expressions for the field 
strengths then follow from these commutators and their Bianchi identities 

and their derivatives. We then find the series of identities 

V^a'-^SCDE = FaBCDEq! 
Acx'FbCDEFP' — FABCDEFa'P' + C/3'a'-^FA(BC\GV^'^ P'h\DEF] 

and identities of the form VF" = F'" + FF', VF'" = F"" + FF" + F'^, and VF"" = 
pi"" _|_ pp"' -|- p'p" ^ where all the F's are totally symmetric in their SL(2)' indices 
and totally graded symmetric in their 0Sp(N|2) indices. At = with all 0Sp(N|2) 
indices restricted to SO(N) indices, they are the nonpositive-helicity field strengths. 
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The self-dual theory is considerably simpler than the non-self-dual one, avoid- 
ing nonhnearities in the scalar fields. This theory also has no cosmological constant, 
unlike the general result for the non-self-dual case in the absence of spontaneous su- 
persymmetry breakdown [16], since the cosmological constant would appear as rj'^^rjab, 
whereas in the self-dual theory only 77"^ ever appears anywhere. (This is actually a 
consequence of the fact that even in the non-self-dual theories the SO(N) internal 
group metrics rj"-'' and rjab which appear as complex conjugates in 3-1-1 dimensions are 
independent in 2-1-2 dimensions.) 

Another example of self-dual supersymmetric theories is the scalar multiplet: The 
free case is described by 



where b' is an internal symmetry index. 
4. Light-cone action 

One way to analyze the commutation relations is by going to the light-cone gauge, 
where half of the Lorcntz symmetry is manifest and half of the supersymmetry. We 
first separate the constraints by breaking SL(2)': 



(All except the third are the same as in Yang-Mills.) The first three constraints can 
be solved explicitly: 



d[Aa'FB)b' = 



[Va(+',Vb_o} = 

[VA"',VBa'} = i^ABCDM 



DC 



[Va-',Vb-'} = 




BA 



Va-' = Oa-' + [dA+', A_/_/] 

= Oa-' + {dA+'dB+'V^'-'-'-')r]' 



dcy + \{dA+'dB+'dc+'V^ 



./_/_/)M' 



CB 



Fabcd — —idA+'dB+'dc+'^D+'y-'-'-'-' 



The remaining constraint reduces to: 



dA""' dBa'V.,.,.,., + i{dA+'dc+'V.,.,.,.,)ri''''{dD+'dB^'V.,.,.,.,) = 
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For comparison, Yang-Mills gives 



Va+' — dA+' 
Fab — —idA+idB+iV-i-i 

dA'^'dBa'V-'-' + i[{dA+'V^'-'), {dB^'V^'-')} = 

while for the free scalar multiplet 

FAa' — —idA+'V^'a' 
dA"'dBa'V->a' = 

The string gauge is related to the hght-cone gauge (see [10,5] for details): There 
the roles of solved constraint and field equation are switched between [Va(+', Vb-')} = 
and [Va-', Vb_/} = 0. As a result, although the free term of the field equation 
(action) is the same, the interaction is more complicated (nonpolynomial in the Yang- 
Mills and gauged supcrgravity cases) and contains time derivatives. 

The parts involving da-' can be solved for all 9"-~' dependence, so V can be taken 
as evaluated at 6'""' = 0. This leaves just the aP-part of the last constraint as the 
equation of motion: For supcrgravity, 

nV + ^t{d'\,dB+'V)r]^'''{dc+'da+'V) = 

The action is then 

Ss = J (fx (fd \VnV + \W{d''^>dB+,V)r]''''{dc+'da+>V) 

This should be compared with the N=4 supersymmetric self-dual Yang-Mills action 
that follows from the open string [5] , which differs from earlier noncovariant proposals 
[10] only by the appearance of as coordinates: 

j d^x d^e Ivnv + liv{d''+>v){da+>v) 

(A similar N=3, and therefore noncovariant, action follows from the self-dual restric- 
tion of the light-cone action of [17].) The supergravity interaction has two terms, from 
the 1]^'^: the Yang-Mills-type interaction {rj'^^) term for gauged supergravity (heterotic 
string) and the gravitational-type {C"'^) term for both gauged and ungaugcd (closed 
string). The rj'^^ term is lower in spacetime derivatives because of the dimensional g/n 
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coupling, but contains d derivatives, unlike the nonheterotic cases. It has the same 
momentum dependence as the interaction in the supersymmetric Yang-Mills theory. 
The universal (minimal) couplings of the gluon of the open string and the graviton 
of the closed string follow from the fact they appear in their respective y s at ^ = 0, 
so they have contributions to the action which are 6 (spin) independent. 

As for self-dual Yang-Mills [5], ungauged self-dual supergravity has all loop graphs 
vanishing because of the absence of spinor derivatives in the action. (These cases are 
similar to the Z„ model of [2] , which also describes a multiplet of various spins, but 
here there are fermions and F is a true superfield. There is no decoupling of fields in 
the "diagonahzed" field V{9) because it cannot be interpreted as independent fields for 
different "values" of 9.) However, this is not the case for gauged supergravity, where 
the appearance of spinor derivatives for the Yang-Mills coupling requires a graph-by- 
graph analysis. In terms of the number of vertices V, propagators P, external lines E, 
and loops L, the relation that all vertices are 3-point is 3V=2P-|-E, the Gauss-Bonet 
theorem [h counting) is L— 1=P— V, and the condition that each loop needs at least 
8 9 derivatives to kill each / d^9 [18] is 2V>8L. These imply E>2(L+1), so graphs 
with fewer than 2(L+1) external hues vanish. Since tree graphs vanish for E>3 by 
another mechanism [2-4], the other loop graphs may vanish for the same reason; in 
any case, the 3-point graph gets no quantum corrections. 

5. Covariant field equations for helicity>l 

Another useful gauge is the Wess-Zumino gauge, which is Lorentz covariant but 
has no manifest supersymmetry. (See [19] for more detail and a general discussion.) 
The gauge transformations V = e~^Ve^ for the gauge fields follow from commuta- 
tors with gauge generators 



All gauge fields (for positive helicity) are found in the vector covariant derivative at 



^ = 0: 



Part of the Wess-Zumino gauge choice is to use the ^-coordinate transformations to 
choose 



ba 



V, 



aa' 



■'\0=Q 
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^ iy- ) 

where Em^i'^" is the inverse of E^a'^'^ ■ Similarly, gauge choices can be made for 
terms in V linear in 6 such that they include only these gauge fields and the field 
strengths EABCD\e=o- 

In this gauge, some component equations (specifically, field equations for gauge 
fields) are simpler when expressed in Cartan notation, where a mixture of curved 
and flat indices are used. Then the general form of the torsion and curvature (before 
imposing any constraints) is 

[Va, Vb} = Tab'^Vc + I^abcdM^^ 

RmTSIAB — ^[M^N)AB — ^[MAC^^*" ^N)I?B 

where A = Aa', M = M/i'. The corresponding form of the gauge transformation 
laws is 

5Va = [Va, i^^VB + ii^BcM^^] 

S^MAB = —K^RnMAB + Vm-^AS — V^'^' ^{A\C^MD\B] 

Conversion of these curved indices back to flat indices is then easy at ^ = 0, where 
for a general covariant supervector 

Therefore, from now on we use fiat and curved spinor super-indices aa' and m//' in- 
terchangeably, while fiat and curved vector indices on component fields are converted 
with the vierbein eaa'^^\ with the i/^aa'^^' terms explicit. 

The only ambiguities in finding an action principle for these equations are which 
fields are to be taken as independent, and correspondingly which equations are to be 
taken as equations of motion which follow from the action (as opposed to constraints 
which are imposed in defining the field content). To treat both the gauged and un- 
gauged theories in the same formalism, we'll need to use a first-order formalism for 
the gravitino, analogous to that frequently used for the graviton. In ordinary (su- 
per)gravity, a torsion constraint determines the Lorentz connection uu in terms of the 



11 



vierbein e; here, another torsion constraint detemines the left-handed gravitino field 
'^aa'b/3 in terms of the right-handed gravitino field ipaa'^^' ■ (Both gravitino fields here 
describe helicity +3/2.) In ordinary supergravity, a torsion constraint gives the field 
equation for the gravitino; here, another torsion constraint gives the field equation 
for the graviton. (This is possible because SL(2)' is not gauged, unlike ordinary grav- 
ity.) Thus, for gauged supergravity, all these constraints and field equations for the 
graviton and gravitino are just the complete set of vector- vector torsions evaluated 
at ^ = 0. Separating out the graviton and gravitino equations, 

rp aa' Q _ aa' , ^ , a i „/, ba' „l a n 

--fmn — ^[inen] + Cj^ UJ^]^ +^^[111 Wn\b — U 

Ti aa' o „/, aa' , „ab„i ca' a „ob „ aa' „i, ri 

mn = C'lmV'n] + V 1p[m An]bc " V e[in 'iPn]ba = 

(The bold indices arc curved vector indices, m = fifi'.) A Lorentz decomposition of 
these equations (after using the vierbein e^a'™^ to flatten all curved indices) shows 
that some parts determine u and ipaa'b/s completely. The remaining parts are the 
field equations for e and i^aa'^^' '■ A light-cone gauge analysis reproduces the results 
obtained earlier. 

To include the gauge-contracted theories, we include the usual field equation for 
i^aa'bp- This is redundant in gauged supergravity. Its simplest form is obtained by 
taking the curl of the torsion equation and factoring out an r)"''': 

d^^Ej'^'n^^Ba = 5[m(en''"Vpl„/3 - V'n'^'^plba) = 

More covariant, but more complicated, forms of this equation can be obtained from 
the covariant curl of this torsion, or from the curvature ^R[innaB^p]^°'' (which is the 
covariant curl of the torsion plus torsion squared terms with an 77"* factored out, 
according to the Bianchi identities). This equation is similar to the a;-independent 
part of the graviton equation: 

_lrp a{a' 13') ^ IQ a{a' /3') , ^ a{a' ^ a P') = Q 

On the other hand, in ungauged supergravity the gravitino's torsion constraint simply 
says that ipaa'"^^' is pure gauge. (The intermediate group contractions have mixtures 
of these conditions, some components of each chirality of ip being trivial.) 

The field equation for e appears with one more derivative in the covariant la- 
grangian than in the light-cone one: The light-cone equations of motion /as, of 
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which the part ^/"a — OV+ ... follows from the light-cone superfield action, actually 
appears in the covariant derivative commutators as 

i[VA-',VB-'} = {dc+'fAB)v''^dD+' + \{dc+'dD+'fAB)M'''' 

It is part of the first term, which is a torsion constraint, which follows from the 
covariant lagrangian. 



6. Lorentz covariant action 

Wc have not yet completed a full analysis of the Lorentz covariant component 
action. However, the results given in the previous sections are sufiicient to obtain the 
action itself, since the field equations for positive helicity are imposed by Lagrange 
multipliers; i.e. the fields describing negative helicity appear only linearly, so their 
field equations and the complete action are implied by the field equations of the other 
fields. Specifically, the field equations for helicity>l were obtained by analyzing 
torsion constraints contained in the commutation relations in the previous section; 
the field equation for helicity 1 is simply the self-duality of the (supercovariant) Yang- 
Mills field strength (also implied by the commutation relations); that for helicity 1/2 
is contained in the Bianchi identity V-F = F' of section 3; and that for (and —1/2) is 
contained in the V-F' = F"+F^ identity of that section. The remaining field equations 
can also be obtained from the rest of that series of identities. The supersymmetry 
transformations can be obtained by a similar analysis: Those for helicity>l/2 follow 
directly from the commutation relations, as described in the previous section; those for 
helicities 1/2 and follow from the Bianchi identity; those for the negative helicities 
follow from the rest of that series of identities. 

The Lorentz covariant lagrangian is then found to be 

T mnpq/ 1~ a' (3' rp a „ -U iJi f) P ^ O iP "'T \ 

^ t I, 2 m np a'^qaiS' ' (pm ^n^p a'^'qBa ^^mna pq ce' J 

where 

^aa'<l>abcd — F)aa'<Pabcd — I'ipaa'la^ Xbcd\l3 + ''Paa'^^ Xabcdefi' 

{P0rf''(t)eabc + IC^'^ 5[aFbc]5!3) + tpaa''^'^''^ /3P'<l>abcd 
Fmnab n] a'Xabca ~l~ 2^"] a' 4^ abed) 
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TP „ « m nrp rp a m nrp 

^ abaP '-■a ^/3a' ^mnab') ^ aba' /3' ^ a' ^aff' ^mnab 

and / is the Yang-Mills field strength found from D^a', the vector derivative covariant 
with respect to just Yang-Mills and gravity (without gauging SL(2)'). The indepen- 
dent fields are e (helicity +2), ip and ip' (+3/2), A (+1), x (+1/2), (0), x' (-1/2), 
G (—1), ip and R (—3/2), and uj (—2). (If we had used a first-order formalism for 
the graviton, the full Tmn""' constraint would appear, with iOmafS also an independent 
field, and uj part of a Lagrange multiplier Rmnaa'-) Although all negative helicity 
fields appear only as Lagrange multipliers, the kinetic terms ipip, x'x^ ^.nd (fxp have 
the usual form. All fields with upper SL(8) indices (except '?/'m""') have been obtained 
from those with just lower indices by using ^"-bcdefgh (^including oj, which originally had 
8 lower indices): In terms of the original fields, each term in L (except the R term) 
has exactly one ^"■^^'^'^fa^ factor. (This means that the action has a specific quantum 
number of the GL(1) subgroup of the GL(8) invariance of the ungauged field equa- 
tions.) G and Uj appear as in the first-order formalism for spins 1 and 2, but they 
have no quadratic terms, and they are anti-self- dual. 

■0, i?, and UJ are abelian gauge fields which don't appear explicitly in V at ^ = 0; 
their on-shell field strengths appear in the 9°^' expansion of 

Fabcd —(pabcd + Xabcdea' + 5^*^" ^'^^ Gabcdefa'fi' 

+ 16*^" 9^^ 6*^^ Rabcdefga'P'-r' + Wabcdefgha'P'y'S' + ■■■ 

as 

R°'a'l3'y = e"(a'™eQ,/3'"((9ni'?/'n%') — ^mY)^ S' — ^V"''^ RmnbY)) 

These field strengths appear at ^ = in the covariant quantitites FABCEDFGa'P'j' 

and FABCEDFGHa'P'yS' (and Xabcdea' and Gabcdefa'P' in FABCDEa' and FABCDEFa'P'), 

which arise in the series of identities following from the Bianchi identities discussed 
in section 3. We also have, at 61 = 0, Fabcd = {Wap^s.Rap-rS^Fab^s.XabcsAabcd), 
the on-shell field strengths for nonnegative hehcities. In the gauged theory, t/S and 
V'mao; are purely gauge plus auxiliary, and propagating helicity ±3/2 can be described 
completely in terms of R and tpra^a'] in the ungauged case the opposite is true; for 
nontrivial group contractions we have components of each. 

Of the local symmetries, we have the usual forms for general coordinate, local 
Lorentz (Mq,^), and SO (8) (or the contractions, etc.), except that because of the 
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Yang- Mills noncovariance of the field equation from varying ip, there is an extra term 
''P[m^a'dn]^ba in the Yang-Mills gauge transformation of Rmnaa'- We have not yet 
derived the complete local supersymmetry transformations, but they are roughly of 
the form 





— ^aa'i, a 

— c Yma 








= Dm^^a' 








£ i^^ra^ a' -^abap ~l~ V'm a'X,abca) 












+e[a"'0m6]a 


^X.abca 


— e'^ Vaa'(t>abcd 




+ l^a'^Fbc]aP + ^daV'^^^'abce 


S4>abcd 


— t Xabcdea' 




~l~g^[a X.bcd\a 


^X,abcdea' 


= e-^"^ Gabalefa'iS' + J2^^ o"V^^4'abcg'i 


i>defh 


+ ^ ^ [a " ^aa' 4'bcde] 






Pcdef 


ya{a'X l3') 








+^b"^ma^ G°'^a'p' 


^ Rmnaa' 


— G'^^a'P'<l>abcd^ 




+? 




= 0? 







There are also the abelian gauge symmetries 

StpJ'a' = dmp^a' 
^Rmnaa' — ^[m'^njoa') a' — ^ l^mba' 

While the non-self-dual ungauged N—S theory had an -E'7(+7) global symmetry for 
the scalars, the self-dual ungauged N—8 theory has only a contraction of that. Besides 
the manifest SL(8) invariance, there is the usual invariance of free scalar theories of 
translation of the scalars by constants, which is here accompanied by a corresponding 
transformation of G: 

S<Pabcd = CTabcd, ^Gabcdefa' p' = — ^CF[abcdFef\a' 13' 

The proof of equivalence to the light-cone gauge action involves choosing an ap- 
propriate gauge and eliminating all auxiliary fields. (Again, the equivalence to string 
results follows from choosing a somewhat different gauge and treating a different set 
of fields as auxiliary, in the same way as for the superspace covariant derivatives. 
In the case of the heterotic string, a gauge is chosen where the antisymmetric part 
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of the vierbein is identified witfi a gauge field resulting from dualizing one of the 
scalars, allowing a solution of the constraints for those fields which does not resemble 
that for the other gauges.) In some cases, eliminating auxiliary fields involves solv- 
ing constraints by writing remaining fields as (space) derivatives of new fields; this 
was already done above in the derivation of the light-cone equations of motion from 
the commutators of covariant derivatives. One can then obtain the same action as 
that resulting from expanding the hght-cone action over 6. The complete proof of 
equivalence will require proof of local supersymmetry invariance of the action, so that 
the light-cone gauge choices will be justified. This equivalence is the simplest way to 
demonstrate that the light-cone action is Lorentz invariant (although the light-cone 
equations of motion have already been shown to be covariant). 

For comparison, we give the covariant component action for self-dual N=4 super 
Yang-Mills (open string) [5] and the global supersymmetry transformations (which 
we have completely verified): The lagrangian is 

The supersymmetry transformations are 

^-^aa' ^ o'Xact 

^X^o! — \^°'^ Ga'P' + |e^a'e"''"'[06c, (t>d^ +^^"'''^^b°"^ aa'<l>cd 
= -e"(a'XV')^»& +ea°Va(a'XV) 
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